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Why study correlations in the brain?

= variable response of cortical neurons to repeated stimuli
= neurons share variability, causing correlations
= typical count correlation in primates 0.01 — 0.25
Cohen & Kohn (2011)
= affects the information in the population signal
Zohary et al. (1994); Shadlen & Newsome (1998)
= correlations are modulated by attention
Cohen & Maunsell (2009)
= correlations reflect behavior
Kilavik et al. (2009)
= correlation analysis has been used to infer connectivity
Aertsen (1989), Alonso (1998)
= synaptic plasticity is sensitive to correlations

Bi & Poo (1998)

July 21st, Decatur, Atlanta Moritz Helias slide 2
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Outline

= in vivo correlations & random networks
= theory of correlations in binary random networks

binary neuron model

mean-field solution

balanced state

self-consistency equation for correlations
correlation suppression

= theory of correlations in spiking networks

leaky integrate-and-fire model

linear response theory

population averages

exposing negative feedback by Schur transform
fluctuation suppression <+ decorrelation
structure of correlations

July 21st, Decatur, Atlanta Moritz Helias slide 3
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layer-specific connectivity

most importantly:
exc. and inh. cells

(O]
P
3
]
O
jun
p
)
7]
o
(0]
P
[
>
0

neuron

N
K

= connection prob. ~ 10
= different morphologies

(%]
[
o
>
i)
©
O
4+
c
(O]
i
QL
=
©
[

L]
Moritz Helias

“ ﬂo‘_m......
> 0. . k~

o R e T
§. ¥ L&y B L &

abstraction of neurons as points connected by synapses

Local cortical network
%
&
H
*

July 21st, Decatur, Atlanta



#) JOLICH

FORSCHUNGSZENTRUM

Asynchronous firing

A B c

Previous
studies

— With jitter 8

4 0s [ [ 10 02 o4
[ Fraction

= noise correlations ry. smaller than expected given the amount of
common input (p. = 0.1) and despite signal correlations rggnal

= trial averaged response m = (X)trials

= count (noise) correlation ry. = ((z122)trials)g With

z = X—m
V ((X_m)2>trials

= signal corelation rgignal = (y1y2)e with y = m_n

((m=n)*)e

and
n=(me
Ecker A, Berens P, Keliris GA, Bethge M, Logothetis NK, Tolias AS (2010): Science 327: 584

July 21st, Decatur, Atlanta Moritz Helias slide 5
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Small correlations

cross correlation (a.u)

-10 0 10
t(ms)

= correlations smaller than expected from common input

= connectivity p. = 0.1 — 10 percent common presynaptic
partners

= correlations differ for ee and for ii pairs
(even if symmetric connectivity assumed in simulations)

naive picture suggests ¢ = cg

July 21st, Decatur, Atlanta Moritz Helias slide 6
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Structure of correlation between input currents

ndurt
(1]
-

Correlation
Correlation

.0 =1
----- -02 -0.1 0 0.1 0.2 -02 -0.1 0 0.1
j Time (s), cell 2 centered Time (s), cell 2 centered

0.2

measurement of excitatory and inhibitory currents separately
= positive contributions by ee and ii correlations

= biphasic contribution by ei correlation

Okun M and Lampl I, Nature neuroscience 11(5) (2008)

July 21st, Decatur, Atlanta

Moritz Helias slide 7
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Aim: Understand correlations in recurrent random

networks
C)A/O excitatory
+ population :) +
(I&F, current syn.)
external
drive + ( ) -

inhibitory
+ population ’ -
(I&F, current syn.)

= NN excitatory and /N inhibitory neurons

= neurons all have same internal dynamics
= random connectivity with connection probability p = K/N
= each exc. synapse has strength J, inh. has strength —gJ

= well studied model of local cortical network

van Vreeswijk & Sompolinsky 1996, Amit & Brunel 1997, Brunel 2000

July 21st, Decatur, Atlanta Moritz Helias slide 8
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Why study E-l networks?

= activity of neurons in vivo: irregular (~ Poisson), low rate
> broad inter-spike-interval distribution

= membrane potential of neurons has strong fluctuations
= however, neurons under current injections show regular
activity of single cells
= naive view of a network
superposition of many synaptic inputs = fluctuations vanish
= E-I networks achieve irregular activity
membrane potential close to threshold, fluctuations drive firing

= simplest network model that explains emergence of balanced
regime in a robust manner

July 21st, Decatur, Atlanta Moritz Helias slide 9
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Description of networks

excitatory
+ population ) +
(I&F, current syn.)
external _
drive + ( )

inhibitory
+ population ’ -
(I&F, current syn.)

post

pre
Random network = Erdds-Renyi weight matrix J = {J;}, fixed indegree

(van Vreeswijk & Sompolinsky 1996, 1998, Brunel 2000)

July 21st, Decatur, Atlanta Moritz Helias slide 10




n=(n...., ny)
binary variables

mean activity

m; = (n;)

= (Fi(m))

population average

m= (%, Fi(n)

|

l

stochastic update

ir

p(n)
joint
distribution

%F‘("’I l%n - Fi(n))
0

dp _

at T
master
equation

closure assumption:
Gaussianity

¥, Juimi ~ N (1. 0*)

T

l

linearization

0F (n) = 0F(n\n;) + Son;

Gaussianity

3 Jkini ~ N, 0?)

equation for covariances

2(0nidn;) = (Fidn; + Fjon;)

mean-field equation

m = ¢(m)

L

linearized equation
of correlations

2cij = Sy Jierj + ...

population average

_ 1
Coe = Nz Lighee Cik

lin. avg. eq. correlations

205 =5 Y Jayeys

YEEIX

L s

4.7
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Binary neuron model

51 ' :
>
o)
[
ci = binary state of neuron
<
Q@ nj € {07 1}
% 0 .
0 500

time ¢t ms

= classical model used in neuroscience to
explain irregular, low activity state vreeswijk & Sompolinsky 1996, 1998
explain pairwise correlations Ginzburg & Sompolinsky 1994
develop theory for higher order correlations Buice et al. 2009
show active decorrelation in recurrent networks Hertz et. al., 2010, Renart

et al. 2010

July 21st, Decatur, Atlanta Moritz Helias slide 12
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Binary neuron model

hext

Ji 1
KInk@&H TH+n;

= n=(ng,n,...,ny) € {0,1}N state of whole network
= summed input to neuron i (local field) h; = >, Jixnk + hext

= external input heyt from other areas
1 forh; >0

= non-linearity H(h;) = {0 | controls transition
else

July 21st, Decatur, Atlanta Moritz Helias slide 13
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Binary neuron model

= stochastic update with probability dt/7 in interval dt
“Poisson jump process” Feller 1l (1965), Hopfield (1982)

prob. of up-state F;(n) = H(h;)
prob. of down-state 1 — F;(n)

= implementations of asynchronous update
neuron chosen at exponential intervals of mean duration 7
classical: dicretized time, system's state propagated by randomly
selecting next neuron for update
interval between updates is identified with dt
— interpretation 7 = dtN

S1 :
1 =
(0]
15y (n) L1-Fm) §, |
0 500

July 21st, Decg.:r, Atlanta Moritz Helias time ¢ ms slide 14
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Binary variables

= time point of update chosen randomly
= state n; € {0,1} is a random variable
= neuron i assumes state n; with probability p;(n;)

= expectation value () over initial conditions and stochastic
update time points

= mean
m; = (nj) = pi(0) 0+ pi(1) 1 = p;i(1)

= variance
ai={(n)—m?=m—m?=m(l—m)

variance uniquely determined by the mean

July 21st, Decatur, Atlanta Moritz Helias slide 15
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Mean-field solution

= enables to determine global features, e.g. firing rate
= typically assumes vanishing correlation

= starting point to study correlations

July 21st, Decatur, Atlanta Moritz Helias slide 16
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Effective rate dynamics

= occupation of states determined by conservation equation
master equation of probability p;(n;) for neuron i in state n;

d 1 1
Sp) = —— (-Fm)p)+ @) pi0)
was up, leaves up-state was down, enters up-state
pi(0) +pi(1) = 1
d
T Pi1) = —pi(1) + Fi(n)

= expected state m; = p;i(1) 1+ pi(0) 0 = p(1) fulfills same
differential equation
T%m,— = —m;+ Fi(n)

Buice et al. (2009)

July 21st, Decatur, Atlanta Moritz Helias slide 17
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Homogeneous random network

= assume single population of neurons
= homogeneous network:
. each neuron has K inputs drawn randomly
- synaptic weight Ji = J each
input statistics is identical for each neuron
. T%m,- = —mj + F;(n) depends on (possibly) all other n
= idea of mean-field theory:
express the statistics of n (approximately) by the population
expectation value m = % SN m;

July 21st, Decatur, Atlanta Moritz Helias slide 18
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Mean-field dynamics

= mean activity m = % SN m;

= three assumptions:

. ng, n; pairwise independent (1)

- large number K of inputs per neuron (2)

- homogeneity of mean activity (n;) = m (3)

1) = correlations vanish 0 = (n;in;) — (n;){n;)

1) k of K inputs are active with binomial prob. B(K, m, k)

= (2 K> 1=k ~N(u,o0)

= (3) with p = JKm 02 = J2Km(1 — m)

= assumptions allow closure of the problem:
express distribution of n by mean value m alone

- (
(

van Vreeswijk & Sompolinsky (1998)

July 21st, Decatur, Atlanta Moritz Helias slide 19




#) JOLICH

FORSCHUNGSZENTRUM

Mean-field dynamics

= study gain function F;(h;) of single neuron i
= hi =kJ ~N(p,o0)

with = JKm and 0% = J?Km(1 — m)

(F,(n)> = <H (Z Jnj + hext)>

K
LS B(K, m, k) H(kJ + hext)
k=0
2 1 o+ hext
~ N H + ph+ hext) dx = = f(_—>
/ (x) Hlox + t) dx 5 erfe Voo

July 21st, Decatur, Atlanta Moritz Helias slide 20



#) JOLICH

FORSCHUNGSZENTRUM

Mean-field dynamics

dm 1 p(m) + hext
— = —erfc| ——=F——| = (M, hex
T +m 5 € c( V20(m) ) (m, hext)
p(m) = JKm

a?(m) = JKm(1—m)

stationarity “% = 0 leads to self-consistency equation

m = ®(m, hext)

slide 21
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Fixed-point rate

0
m = &(m, heyxt) QLV
= }erfc —M(m)+heXt -

2 20(m)

= mean p=JKmx K

fluctuations o = |J|/Km(1 — m) < VK
= large K: function ® has sharp transition at p(m) + hext ~ 0
= = solution 0 < m < 1 exists near transition

mean input needs to cancel approximately
p(m) = KIm >~ —hex

van Vreeswijk & Sompolinsky 1996, 1998
July 21st, Decatur, Atlanta Moritz Helias slide 22
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Balanced network

= two subpopulations
N exc neurons

excitatory _

+ population D + ~vN inh neurons
/) (O e = random connectivity

Jee, JiE  exc synpases

external + _
drive Jer, Jy inh synapses
= fixed number of incoming

\} inhibitory
+ population ) - synapses per neuron
K  exc synpases

(1&F, current syn.)
~vK inh synapses

Moritz Helias slide 23
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Mean-field equations

= population averaged activity my = N% Yiex mi for x € {E, I}

= derivation can be generalized in straight forward manner

= in general different mean and fluctuations in input to E and /

set of two equation to be solved simultaneously for x € {E, I}:

dmy
-
dt

q>X(rnEa ml)

July 21st, Decatur, Atlanta

—my + q)x(mEa ml)

1 oie [ tx(me, mp) + hexe
2 \/EUX(mEa m/)

K(Jxemg — ~yJdsgmy)
K(S2eme(1 — mg) + vJ5my(1 — my))

Moritz Helias slide 24
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Balance condition

= equilibrium rate

1
my = &, (mg,m;) = Zerfc (

_MX(mEa ml) + hext)
2

V20, (mg, my)

vy XK, 0y X VK

= K> 1:
solution with non-saturating rate 0 < mg, m; < 1
= approximate balance piy + hext =~ O(\/K)

= approximate solution:

K(Jeeme +vJem) + hexy =~ O(VK)
K(Jieme +~vJum)) + hexe ~ O(VK)

July 21st, Decatur, Atlanta Moritz Helias slide 25
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= mean contributions of E and / to synaptic inputs ~ cancel

= fluctuations in input large compared to threshold

= = irregualar activity of single cell

Do

1
N

avg. act.

0.5 W

0

July 21st, Decatur, Atlanta

Il
500
time t(ms)

50

syninputig,iy
(e}

—50

Moritz Helias

1
500
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Balance condition

= mean contributions of E and / to synaptic inputs ~ cancel
= fluctuations in input large compared to threshold
= = irregualar activity of single cell

< 0 — hi = >k Jiknk + hext

active, if h; >0

|
0 500
time ¢t ms

July 21st, Decatur, Atlanta Moritz Helias slide 26
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Summary mean field activity

= Erdds-Renyi networks: simplest model of local connectivity

= assumptions of homogeneity, indepdendence, and large
numbers of synapses allows closure

= pairwise independence implies vanishing correlation

= binary neuron sufficiently simple for mean-field analysis

= E-I network:

balanced state emerges in inhibition-dominated regime
mean input to single cell cancels = fluctuations >> threshold
irregular activity like in-vivo

July 21st, Decatur, Atlanta Moritz Helias slide 27




n=(n...., ny)
binary variables

mean activity

m; = (n;)

= (Fi(m))

population average

m= (%, Fi(n)

|

l

stochastic update

ir

p(n)
joint
distribution

%F‘("’I l%n - Fi(n))
0

dp _

at T
master
equation

closure assumption:
Gaussianity

¥, Juimi ~ N (1. 0*)

T

l

linearization

0F (n) = 0F(n\n;) + Son;

Gaussianity

3 Jkini ~ N, 0?)

equation for covariances

2(0nidn;) = (Fidn; + Fjon;)

mean-field equation

m = ¢(m)

L

linearized equation
of correlations

2cij = Sy Jierj + ...

population average

_ 1
Coe = Nz Lighee Cik

lin. avg. eq. correlations

205 =5 Y Jayeys

YEEIX

L s

4.7
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Correlation by a single connection

pre 7{1 @ T

= definition of correlation:
coactivity minus expectation assuming independence

ci = (ninj) — (ni){n;)
= <5n,-5nj>
= = cofluctuation around expectation dn; = n; — (n;)

= simplest case: effect of a single synaptic connection

= activities n; and n; are correlated due to connection j — i,
Cjj >0

July 21st, Decatur, Atlanta Moritz Helias slide 29
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Conservation of probability

= all states for a network of 2 neurons
n=(n,n)e{0,1} x {0,1}
= the network is always in a state = conservation of probability

= at each point in time at most one neuron makes a transition
= no diagonal arrows

= the loss of probability in the original state is the gain in the

target state
(0, 1)_> (1,1)

-
b

(0,0)77(1,0)

July 21st, Decatur, Atlanta Moritz Helias slide 30
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Conservation of probability

0,1)____ _(1,1)

D
1= K(0,1)] [£(0,0)
P

(0,07 (1,0)

= notation: n; = (n1,n,..., 1 ... ny) n;_ similar

pos i

*

N
d[;(tn) - % 2(2’1;_1) (p(ni-) Fi(ni-) = p(niy) (1 = Fi(ni1)))

= (2n; —1) =1if n; =1, —1 else indicates direction of flux
entering or exiting, respectively

July 21st, Decatur, Atlanta Moritz Helias slide 31
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Mean activity

multiply previous eq. by ng and sum over all possible states n
N
0 = ny 2[7, -1 pn;_ F, n; n; 1— F,' n;
ZZ( ) (p(ni-)Fi(n;—) — p(ni.)( (niy)))

1if nj=1,—1 else

> Pk ) Fie(ni-) = p(nic ) (1 = Fi(ney )

n\ ng
rearrange
(ne) = > mp(n)=> p(ne)
n n\ ng
= Z p(ne—)Fr(ng_) + p(ngr ) Fre(ng)
n\ ng
= (Fi(n))

mean activity of k = mean of gain function  my = (nx) = (Fi(n))

July 21st, Decatur, Atlanta Moritz Helias slide 32
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Equation for correlations

same approach as for the mean: multiply equation of equilibrium
probability flux by ngn;, sum over all states

o—znkmz @ 1) (P Fi) — pln ) (1~ i)

|f ni=1,—1 else

only two terms remain, where i = k or i = [, rearranging yields

1 1
Cy = §<Fk(n)5n/> + §<F/(n)5nk>
with 5!1,' = ni— <n,~>

correlations are caused by fluctuations dn,; affecting the
activation function of neuron k and vice versa

July 21st, Decatur, Atlanta Moritz Helias slide 33
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Correlation by a single connection
K, —gJ
K. J

= neuron post receives input from network

= in addition input from another, independent neuron pre

= correlation due to the single connection pre — post
Cpost,pre = %<Fpost(n)5npre>

= second term (Fpre(N)dnp0st) vanishes, because post has no
effect on pre

July 21st, Decatur, Atlanta Moritz Helias slide 34
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Correlation by a single connection

= input from network to pre in mean-field approximation is a
Gaussian noise x ~ N (j, 0?)
= total input to neuron post is hpost = X + Jnpre

1
Cpost,pre = §<H(X + anre)(Snplre>x,npre
1
= §<H(X + J)Nprednpre + H(x)(1 — ”pre)(s"pre)x,npre

- %<H(X +J) = H(x))x (Nprednpre) npre

= fluctuations of pre neuron drive correlations
¢  autocovariance (Nprednpre) = (NpredNpre) = apre
Ginzburg & Sompolinsky (1994)

July 21st, Decatur, Atlanta Moritz Helias slide 35
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= J has small impact compared to 'noise’ from network

x ~N(p,0)

= Taylor expansion in J
(H(x + J) = H(x))x

5(p,0)

S(u,0)J + 0()

0
— H —H x
el (HOx 9 = H()
1 2
e 202
2mo

= susceptibility S quantifies to linear order sensitivity post's
activity to small fluctuation in input
= susceptibility S(u, o) depends on neuron properties and on

network state (u, o)

July 21st, Decatur, Atlanta

Moritz Helias slide 36
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Correlation by a single connection:
comparison to simulation

nest::

|
0.001 | simulated()
0.000 '
I Cpost,pre = 55(,&7 U) dpre
1 1 1
—-50 0 50 pre = (npre>(1 - (”pre>)

time lag t(ms)

= apre strength of pre fluctuation
. % S(u, o) transmission of fluctuation from input to output
= theory (red dot) and simulation (black curve) agree

Ginzburg & Sompolinsky 1994, simulated with NEST, www.nest-initiative.org

July 21st, Decatur, Atlanta Moritz Helias slide 37
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Correlations in a recurrent network

n excitatory
opulation :) + .
/) ('I)&F,pcurvenl syn.) Ck]
external
drive T
ag .

inhibitory
+ population ’ -
(I&F, current syn.)

k= 2 (Fim)oni) + 3 (Fe(m)om)

= complicated, because in (Fx(n)dn;) neuron | might be
correlated with any other neuron in n projecting to target k

July 21st, Decatur, Atlanta Moritz Helias slide 38
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Correlations in a recurrent network

(Fi(n)ong) = <H(h/\nj + J,j)njénk + H(h/\nj)(l — nj)énk)
= ([H(hnn; + J) — H(hp ;)] njdng)
+  (H(hnn)dni)

first term: repeating for i # j — third order correlation,
neglected

([H(x + Jj) = HGO)Dx(njdni)a = S, o) Jjcj

second term: independent of j; j was chosen arbitrarily, so

Cj 2l J
S, sy @) W
K = (’u U) Z (kaCJ-/ + J/J'Cjk) \ S ]

2 Z
j Ak~ Jie k —
ci=a e

autocovariances a; drive cross- covarlances Clk

July 21st, Decatur, Atlanta Moritz Helias slide 39
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Population-averaged correlations

= often the correlation averaged over many pairs is interesting
. . 1

= introduce avg. correlation c.e = Nz DoktlcE Ckl
(other 3 pairings analogous)

= inserting ¢, = S(’é’a) > (Jkicii + Jiicik) we obtain
KJS(u,o) /2
Cee = % <Na + 2Cee — 2’7gC,e)
KJS(u,o 2
Gi = % <_Nga — 2vgcii + 2Cei)
1
Cei = Cie = 5 (Cee + Cii)

a = (1 (m)n)
can be solved by elementary methods

Ginzburg & Somplolinsky 1994

July 21st, Decatur, Atlanta Moritz Helias slide 40
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Population-averaged correlations:
comparison to simulation

& T T T LN
L nest::
= simulated ()
O
c . .
S = binary neuron implemented
g in NEST www.nest-initiative.org
§ ! ! . = implementation uses
—100 0 100 exponentially distributed
time lag ¢(ms) update intervals

= theoretical prediction (red dot) agrees with simulation

= strength of correlations depends on type of neuron
(black: cee, gray cii, light gray ce;)

July 21st, Decatur, Atlanta Moritz Helias slide 41
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binary variables

mean activity

m; = (n;)

= (Fi(m))

population average

m= (%, Fi(n)

|

l

stochastic update

ir

p(n)
joint
distribution

%F‘("’I l%n - Fi(n))
0

dp _

at T
master
equation

closure assumption:
Gaussianity

¥, Juimi ~ N (1. 0*)

T

l

linearization

0F (n) = 0F(n\n;) + Son;

Gaussianity

3 Jkini ~ N, 0?)

equation for covariances

2(0nidn;) = (Fidn; + Fjon;)

mean-field equation

m = ¢(m)

L

linearized equation
of correlations

2cij = Sy Jierj + ...

population average

_ 1
Coe = Nz Lighee Cik

lin. avg. eq. correlations
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The balanced condition revisited

excitatory = three populations a € {E, I, X} of
+ population :) +

(18F, corent sy N neurons each

+( )— = finite, external population

inhibitory = random connection propbability p
+ population D -

(18F coment o) = shared external sources

= balanced condition fixes population averaged activities m,
= effective coupling from pop S to neuron in « is
Jap = Kdop K = pN
= mean input to neuron of population o must approx. cancel
ho = Zjaﬁmﬁ ~0
B

van Vreeswijk & Sompolinsky (1996), Amit & Brunel (1997), Renart et al. (2010)
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Fast tracking — balance on a fast time scale

T T
PR WOVE DU WY, "UU WIVY
Zoa2f 10
] < ok .
= 01 | 5 — totalhg
8 0.10 " 8'—10* — JEETE ||
a — g —_ .
o —_ ng JEXTX
S 0.08 | nx) [V — dexn|
) ;
0 250 0 250
time ¢(ms) time ¢(ms)

= cancellation of mean input approx determines rates
= observation: cancelation on input side also holds on fast time

scale
Sha =Y japdng ~0
B
= imposes relation between population fluctuations
ong = % Yica Ni — Mg Renart et al. (2010)
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Population fluctuations — population averaged
correlations

= population fluctuations dn, = % Y ica ON;

1
(0ngdny) = e Z (dniénj)
ieBjey
1 1
= 0pypz 2(0n0) + 55 D (Omidmy)
iep i€B.je;i#

1
= 0py ;38 + Coy

= are linked to average autocovariance ag and pairwise averaged
cross covariance Cgy
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Suppression of input correlation in balanced state

= observation: balance condition also holds approximately on
fast time scale, 6h ~ 0

0~ <(5h§> = Zja/gjm@nﬁén,y)
By

= with previous result (6ngon,) = 5&,%35 + csy
and jaﬁ = JQBK = JagpN

0 (5h3) = pK Y Jagag + KD JapJayCoy
B By
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Suppression of input correlation in balanced state

I
0.5 1
>
Q
o — Ccorr
£
—0.5 & .
Il
—25 0 25

time lag ¢(ms)

0~pK Y J2sag+ KD JaplarCsy
B By

=Cshared 1 Ceorr.
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Does fast tracking determine correlations?
= cancellation §h, =~ 0 relates population fluctuations dn,,

) . . JEE  JEI
0~ dh, = on define matrix =" .
“ Zﬁ JaBON5 ! (JIE J//)

one\ _ .1 (Jex _ [AEe
() = (i ome= (5 o

Zoa2p T2t i
g 2 o | |

; s by, N Gkl &l
g o MO = oot
2 —ol 5 —
T S = -

0 250 0 250
time ¢(ms)

time ¢(ms)

Hertz et al 2010, Renart et al. 2010
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Does fast tracking determine correlations?

= apply connection between population fluctuation and
auto-/crosscovariance

1 ax
(0ngdny) = gy ;35 + Cay (6nk) = N
= use fast tracking condition
L= CEE
5!75 N AE 50 CEI
(o) = ()
Q
>
o
e X 2 S
a — « |
N ~25 0 25
Cap = AaABW time lag ¢(ms)

Renart et al. 2010
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Two components of correlations:
intrinsic fluctuations and external drive

. . 1. 1.
2ca =S| D (ar&p +JsrCa) + NJaBas + pipada

~e{E,I.X}
CEX
CIx
CEX ax
D =FE -~
( CIx > N

Ginzburg & Sompolinsky (1994)
= 2 source terms drive covariance: external ax and intrinsic
fluctuations ag, a,

= covariance has scale 1/N compared to autocovariance
July 21st, Decatur, Atlanta Moritz Helias slide 50
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Cancellation condition constrains

input cov.

avg. act. np,r x

time lag ¢(ms)

covariance ¢ (10~7)

covariance ¢ (10~°)

9

JULICH

0
+
L

FORSCHUNGSZENTRUM
correlations
n _— Z‘EE
X EI
1F i
0

0
time lag ¢(ms)

0
time lag ¢(ms)

= good approximation of simulated correlations

= correlation structure constrained by cancellation in
July 21st, Decatur, Atlanta

Moritz Helias
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Summary

= correlations can be understood analytically in binary networks

mean field solution determines 'working point’ (rates)
fluctuations around working point accounted for to linear order
recurrent equation relating auto- and crosscorrelations

= balance in networks = suppression on input correlation
= constrains, but does not determine correlation structure

= correlation structure obeys cancelation condition
= correlations driven by two 'sources’

autocovariance of neurons within the network
autocovariance of external drive
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Further reading

® | Ginzburg, H Sompolinsky (1994)
Theory of correlations in stochastic neural networks
Phys Rev E 50 (4)
= Amit & Brunel (1997)
Model of global spontaneous sctivity and local structured activity during delay periods in the cerebral
cortex, Cerebral Cortex 7: 237-252
B C A van Vreeswijk and H Sompolinsky (1998)
Chaotic Balanced State in a Model of Cortical Circuits.
Neural Comp. 10:1321-1372.
® M A Buice, J D Cowan, C C Chow (2010)
Systematic fluctuation expansion for neural network activity equations
Neural Comput 22, 377-426
B J Hertz, Cross-Correlations in High-Conductance States of a Model Cortical Network, Neural Computation
22, 427-447
® A Renart, J De La Rocha, L Hollander, N Parga, A Reyes, KD Harris (2010)

The Asynchronous state in cortical circuits
Science 327, 587 Science 2010
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How to treat correlations in spiking networks?

= determine state of network in mean-field theory
= linearization of neural response around working point

= map to equivalent linear system
= average

either actitivity over populations
or pairwise correlations over equivalent pairs

= solve resulting (recurrent) equation in frequency domain
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Leaky integrate-and-fire dynamics

dVi(t)

m Vi(t = Rt
T+ Vi(1) (1)

N

R( d/d( ) A )) _ ij; Jjsi(t — d) = bi(t)

ifV > Vy then V « V,, spike

Fourcaud & Brunel (2002)
neuron j spikes at time points t,-k, “spike train”":

> oo(t—tf)
k
we aim to understand correlations between spike trains
cj(r) = (0si(t+7)ds(t))
(55,‘(1') = S,'(t) — <S,‘>
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Homogeneous random network

excitatory = N exc., vN inh. neurons
+ i + e _
/) population D = identical internal dynamics
external| | _ = random connectivity, K exc
drive . . .

inputs, 7K inh inputs

inhibitory .
+ population | ) — = amplitude J of exc synapse,
(I&F, current syn.) .
—gJ of inh synapse

= identical statistics of summed input to each neuron
suggests equal rate r of all neurons

b,‘(t) = Tm Z J,'ij(t)

=md Y s(t)—Tmgd D sk(t) + TmJsexe.(t)

jEexc. srcs k€inh. srcs
——
K vK

Amit & Brunel 1997, Brunel & Hakim 1999, Brunel 2000
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Mean-field solution: closure assumption

= population average in network v(t) = m >oisi(t)
= homogeneity: all neurons s;(t) have same rate v/(t)

= assume vanishing correlation:
sum of K Poisson processes with rate v = Poisson, rate Kv

= mean Kv = variance Kv

« diffusion approximation J < 6

b(t) ~ p+ o&(t) _

with E
/,L:TmJK(].—"}/g)V‘l‘JVext. :Z
o=J TmK(]. + ’yg2) V + TmVext. 0 210 41)

&(t) = unit var. Gaussian white noise
Amit & Brunel 1997, Brunel & Hakim 1999, Brunel 2000
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Mean-field solution: self-consistent rate

= in diffusion limit, firing rate of LIF neuron can be calculated

Yo 40
v :Tr+Tmﬁ/ f(y) dy /mg
Yr

with s 20

fy) = e (1 + erf(y))
Vy, V. } — a [T
yeyr — M _.I_ — _S
o 2V ™

Siegert 1954, Brunel 2000, Brunel Fourcaud 2003, Moreno Bote et al. 2006
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Phase diagram
= several states exist
= phase diagram can be
obtained by perturbative
methods + stability analysis

= here focus on asynchronous
irregular activity similar to
in-vivo

#(ms) #(ms)

w0 o s s 1m0 s
t(ms) t{ms)

Brunel 2000
July 21st, Decatur, Atlanta
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Linearization
spike train: functional s;(t) = Gi(s) depends on past spikes
s(t),t/ <t
0Gli(s

i) = Gllsvg)+ [ Gl s

with the functional derivative defined as

OGi(s) . 1/ , i B /
55 (0) ~ M ¢ (Gils+ ced(o =) = Gi(9)) = hy(s\sy 1)

si(t') dt’

S.; (t) = small perturbation by single
t v spike of neuron j
Jt P J
J.—@i[ﬁj:‘: = response s;(t) to first order
1 linear in perturbation

Pernice et al. 2011, 2012, Trousdale et al. 2012, Tetzlaff et al. 2012
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Relation to spike-triggered average

A H‘ _______ '
mV)

B 5mVL -
25ms

Trousdale et al.

s|ely
pajeaday

2012

(3)(X*V) + % = (31 - 9suodsau seaur

= _.I
t) (H \g - 5
D i i 5Hz | ®3a

20 S SEEEEE
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Linearized convolution equation for correlations
fort > u

ci(t, u) = (si(t) ds(u)) = (Gi(s) dsi(u))
= (Gi(s\s}) ds(v))
[ g\ ) (250w

= first term: functional independent of s;

= second term: expansion for s; causes third order terms s;s;s)
neglected here — assumption of independence of h;; and s;, sk

= choice j was arbitrary, so to linear order

AEDS /_too<h,-j(s\sj, £, ) el u) dt’
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Properties of the response kernel

= average over remaining inputs s\s;:
replace by equivalent Gaussian noise ()s\s; = ()x~A(1,0)

. 1 i i
(e, ') == lim -~ (Gi(x + edyd(0 = 1) = Gi(x))

= linear approximation of neuron j’s influence on neuron i
— impulse response

= stationarity: kernel only depends on time difference h;(t — t’)
= step response w;(t) = [T h;(t') 6(t — t') dt’ = fot hy(t') dt’

= dc susceptibility w;;(co) = change of equilibrium rate due to step in
input j after long time

H(oo) = v(p+ Jj, 0 + J,f) —v(p, o)

Helias et al. (2010), Tetzlaff et al. (2012)
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Interpretation of the kernel

A

si(t)

tj (§
1=:

’ dc susceptibility w; =
s Hij(o0) = change of equi-
L librium rate due to step €

in input j after long time

auto correlation a(t) 1/s2

[
gy (V) £ ams)

V(M+6JU,02+EJ5)—V(M,O'2)

" Wi = |ime_>0 P

« linearize v(y, 02) for small ¢

Jj
i = VA P2 (P03 + 22 05) ~ Fr )+ 2 Jy))
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Equivalent linear dynamics
spiking dynamics:

<5S,‘> =0

cij(1) = (0si(t + 7)ds;) = {?(1(7-/)7’,(:*5((2(;: ) : ij

continuous, linear dynamics equivalent up to second moment:

yi(t) = Y _(hix * yic)(£) + xi(t)

k
(a(D) =0 (e +7)(0) = 6(r)dms

cij(7) = (yi(t + 7)y;(t))
fulfills same convolution equation

Lindner et al. 2005, Pernice et al. 2012, Trousdale et. al 2012, Tetzlaff et al. 2012

July 21st, Decatur, Atlanta Moritz Helias slide 65



#) JOLICH

FORSCHUNGSZENTRUM

Population averaged system

y=Whsxy+x

= introduce population averaged activity

YE = Dice Vi n= %N dieT Vi

= effective coupling: number of synapses x weight
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Schur transformation exposes negative feedback
Y(w) = WH(w)Y(w) + X(w)
A v Ye . (1 A

Sl G=a0)rea ()

Schur basis = orthonormalized eigenbasis

K, J . X_ X, L<0
~ = M >0
) O L=y

<

7K, —g Sc:>hur ef)i e i
- 1 —vg - (L M L=Kw(l—~g)
W= Kw <1 —7g> W= (0 O) M = Kw(1l + ~g)
M etzlair et al.
v HX. y, HX + X, Tetzlaff et al. 2012

T 1-LH
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Negative feedback cancels fluctuations

A B C
- A] L
2 C
£ <ok
3 B
o5 o
83
FEEN
287 or
o
A;
° n
3
8 <ol
7 a2 Tetzlaff et al. 2012
= L L L L L L L L L L L L L L
0 20 40 60 80 100 o 20 40 60 80 100 o 20 40 60 80 100
time (ms) time (ms) time (ms)
D T T E
a4 25 b B
0 T ™
= Lo 10°
5 Wfost g b &
§1570'010 5 0 5 10 1 ¥
] e : 2 1 E
5 0| i g w0
H
8
£ 5 E
] TN
3
0 . 10-2 . .
—1 —10 0 5 10 100 1ot 102 103

time lag = (ms) frequency f (Hz)

fluctuation suppression has same cause in E-l as in | networks

July 21st, Decatur, Atlanta Moritz Helias slide 68




Small fluctuations < small correlations
small population fluctuations of population «
1
2
(Ya) = N2 Z<Yiyj>

= N_aaoz + Caa

imply small pairwise averaged correlations c,q
at fixed autocorrelation a,

1
20 =3 Z(y;m

1
Caa = N2 Z(y iYj >
a i
Tetzlaff et al. (2012)

July 21st, Decatur, Atlanta Moritz Helias
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Pairwise correlations

cj(r) =

3" wikh * (cij + Si5176(0))
k#j

average correlation between excitatory pairs of neurons:

CEE(T) =

July 21st, Decatur, Atlanta

# Zi;éjeg cii(7)

c— [CEE &) _ 4, 1 —g
Qe q 1 —g
—_—

Cil, CEl, CIE - - -

K _
_ )h*c—i—rww G _g)h*d

w

~ v ({1l O
= Wh % c+—<0 1/7>5
—_——

Moritz Helias

=
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Averaged correlations <> correlation of average
c = Whx (c+ DJ) introduce ¢€=c+ DJd
——

C equivalent tgcpopulation fluctuations
- v v
Cee() = cee(7) + Né(T) ag(7) ~ N&(T)
1
~ 1 O Wil +m)yi(8) = Ge(t + 7)ye(D)
ije€

Y(w) = WH(w)Y(w) + VDX (w)
= P(w)VDX(w)  with P(w)=(1— H(w)W)™?

Cw) = (Y(@)Y'(-w)) = P(w) D P'(-w)

Hawkes (1971), Pernice et al. (2011, 2012), Trousdale et al. (2012), Tetzlaff et al. (2012)
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Structure of correlations

A T " " Bi]u oo FRhom| " ' 1 " CEE > CEI > C“
p=3 +— FB EE 1
_ ] oo FBEl H : .
g i S = due to direct
g \ 3™ .
Y — e f connections: A
v v FBl #g 8t B .
i "drives’ C
C o D T T r
s shared 1
. s | = suppresssion by
c v—v FB, corr = o
i, feedback
(1-1L)"
B TR O e sy Tetzlaff et al. (2012)

co . Gaarea | 2KWA nz  forEE
BN -2 T 1L —%’ for Il

1 , 1 2
Cel = E(CEE + Ci) with  Cohared = Kw? (N—E + %) A.
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What about infinite brains?

a o ; b
==
w0 | X — & Cee
1072 3 =
1073 L -
10* 107
log(N)
c d
& Cii &
B B
o =0
—20 0 20 20
t (ms)

= scaling: w x 1/N x 1/K

= adjust external noise to maintain working point (fluctuations)
= negative compound feedback: Kw(1 —vg) = L = const.

= asymmetry remains in limit of infinitely large networks

Helias et al. (submitted)

July 21st, Decatur, Atlanta Moritz Helias slide 73




#) JOLICH

FORSCHUNGSZENTRUM

Cancelation of input correlation

Cinput = Cshared + C.corr
Cshared = Pc KW2(1 + 7g2)A
™3 Coorr = (Kw)?(Cee — 27gCe + (v€)*Gi)
A . B -

5 5
effective coupling @ effective coupling @

*  Gshared > 0, Ceorr < 0 partially cancel
= El network: Cegg > Cg > G = Ceorr < 0
= | network: C; < 0, same cancelation

Tetzlaff et al. 2012
July 21st, Decatur, Atlanta Moritz Helias slide 74




Vi = -V

=-V;
+TZJ”51

J
spike trains
s =(81,---,8N)

(Vi) = —divjp(Vi)

Fokker-Planck
(Ruben’s part)

mean-field equation

vi = $(pi %)

v =06(u(v),o*(v))

T

|

mean activity

closure assumption:

stability analysis

Vi = (51) Gaussianity phase diagram
i = (Si)t
population average
o S, Tt ~ N 0?)
V=N v
linearization

G,
si = G(s\s;) + b5, *8j

e

7T 0s;

equation for covariances

Cij = Dy hik * Cij

linear rate dynamics
i = 3oy i+ +
Fourier solution
Y(w) = P(w) X (w)

/

l

pairwise pop. average

P
Cee = NZ Zz‘;éjEE Cij

lin. avg. [ correlations|

> Coe0) = ...

1
Ye = N Dick Yi
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Correlations in structured networks

Cw) = (Y(w)Y(-w)) = P(w) D P (-w)
propagator P(w) = [1 — H(w)W]~! can be expanded
——
iff absolute value of spectrlfr(:)is bounded by unity
Wy, = \v; |fF]H(w))\,| <1lViw

- P(w) = i G(w)"
n=0

C(w)=)_G"(w) D (G")"(-w)

Pernice et al. (2011), (2012), Trousdale et al. (2012)
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Correlations in structured networks

et

") (kHz?) ¢ )(knx’)

= for nilpotent coupling matrix G3=0 P =1+ G+ G?
C=DG’ + GD+GDG' +D(G")? + G?D
—_——
order | order Il
+GD(G")?> + G°DG’

order Il

Trousdale et al. 2012
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Contribution of first order term in random networks

A ) (kHz) B ) (kHz?)
e = (ms)
50 \_— = T(ms)
= Theory
= Simulations
€7lr) (khz)
¢ D1
. L
=0 E) »
(ms) } . i 2
. 3
osf g
BIC
x
g j i

= covariance between pairs fluctuates around population mean
= mostly due to first order terms GD, DG (direct connections)

Trousdale et al. 2012
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Delays, oscillations, temporal shape ...
5 b 0 T T

a

’g : : d—30 \ exp. decaying
g e s d=10 . . .

N okl d=05 = —2r r b
5 ]

8 ‘jgoo N = !

5 oOfF e oo damped osc.

osc)

1
-10 -5 0 1/4 foied 1/2 5 10 Helias et al.
damping R(7.z) d et 7./d

T (submitted)

Qe

0.1

00

—0.1

S0 10 T TR
t(ms) t(ms)

investigating frequency dependence of C(w) explains

= delayed synaptic coupling — fast global oscillations srunel 2000

= temporal shape of correlation functions

= scaling invariant properties of network dynamics
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Summary

= qualitatively similar approach as for binary neurons:
mean-field solution, linearization, Fourier transform

= equivalence of linearized LIF, linear Poisson, linear rate
equations

= correlations smaller than expected by shared input

= suppression of correlations = suppression of population
fluctuations

= negative feedback is underlying reason
- same phenomenon in E-I and in | networks

= obserable as cancellation of input correlations

= structured networks: expansion of propagator yields intuition
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Further reading

Amit & Brunel (1997), Model of global spontaneous sctivity and local structured activity during delay
periods in the cerebral cortex, Cerebral Cortex 7: 237-252

N Brunel and V Hakim (1999), Fast global oscillations in networks of integrate-and-fire neurons with low
firing rates, Neural Computation, 11, 1621-1671

N Brunel (2000), Dynamics of sparsely connected networks of excitatory and inhibitory spiking neurons, J
Comput Neurosci. 8(3):183-208.

N Fourcaud, N Brunel (2002), Dynamics of the Firing Probability of Noisy Integrate-and-Fire Neurons.
Neural Comput 14, 2057-2110

A G Hawkes (1971), Point spectra of some mutually exciting point processes

Royal Stat. Soc. 33(3): 438-443

M Helias, M Deger, S Rotter, M Diesmann (2010), Instantaneous Non-Linear Processing by Pulse-Coupled
Threshold Units. PLoS Comput Biol 6(9): €1000929. doi:10.1371/journal.pcbi.1000929

T Tetzlaff, M Helias, GT Einevoll, M Diesmann (2012), Decorrelation of neural-network activity by
inhibitory feedback

PLoS Comp Biol (in press), arXiv:1204.4393v1 [g-bio.NC]

J Trousdale, Y Hu, E Shea-Brown, and K Josi¢ (2012), Impact of Network Structure and Cellular
Response on Spike Time Correlations.

PLoS Comput Biol 8(3), e1002408.

V Pernice, B Staude, S Cardanobile, S Rotter (2011), How Structure Determines Correlations in Neuronal
Networks.

PLoS Comput Biol 7(5): €1002059. doi:10.1371/journal.pcbi.1002059

V Pernice, B Staude, S Cardanobile, S Rotter (2012), Recurrent interactions in spiking networks with
arbitrary topology.

Phys Rev E 85, 031916

M Helias, T Tetzlaff, M Diesmann (2012), Echoes in correlated neural systems (submitted),
arXiv:1207.0298v2 [g-bio.NC]
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